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We study the backreaction of superhorizon fluctuations of a light quantum scalar field on a clas-
sical de Sitter geometry by means of the Wilsonian renormalisation group. This allows us to treat
the gravitationally amplified fluctuations in a nonperturbative manner and to analytically follow
the induced renormalisation flow of the spacetime curvature as long wavelength modes are progres-
sively integrated out. Unbounded loop corrections in the deep infrared are eventually screened by
nonperturbative effects which stabilise the geometry.
Despite more than half a century of efforts (and nu-
merous progresses), the extreme smallness of the mea-
sured cosmological constant in Planck units remains a
major open issue in Physics, which directly questions
our fundamental understanding of gravity [1–3]. In the
language of quantum field theory, the problem appears
as that of an unnatural fine tuning between the—a pri-
ori arbitrary—bare cosmological constant, allowed by all
symmetries known to date, and the—inevitably large—
quantum contribution from vacuum fluctuations of the
Standard Model fields. Some potential key players are,
however, missing in this picture. Obvious ones are the
quantum fluctuations of the gravitational field itself,
which have been suggested early on as a possible solu-
tion of the puzzle [4–6]. There coud also be important
backreaction effects of the quantum fluctuations in the
matter (nongravitational) sector [7–11].
Fortunately, a complete theory of quantum gravity
might not be needed to address this question, which
concerns the far infrared sector of the theory [6]. A
semiclassical description, with quantum fluctuations self-
consistently coupled to a (dynamical) classical gravita-
tional field through Einstein’s equations, already pro-
vides a framework for a possible solution. In the ab-
sence of quantum fluctuations, the classical solution to
Einstein’s equations with a positive (negative) cosmo-
logical constant is the maximally symmetric de Sitter
(anti-de Sitter) geometry. In this context, it has been
long suggested that the classical de Sitter geometry may
be unstable against quantum fluctuations [4–6, 8–11], a
possibility which has received a renewed interest in the
past two decades [12–27]. In standard cosmological co-
ordinates, the qualitative picture goes as follows. The
accelerated spacetime expansion pulls appart particle-
antiparticle pairs from the quantum vacuum. The self-
gravitation of the latter may then slows the expansion
down, resulting in an effective decay of the spacetime
curvature, that is, of the effective cosmological constant.
The route to establish this scenario is, however, paved
with serious technical difficulties. Leave alone the hard
task of properly computing graviton loop corrections in
a de Sitter geometry [28–30], even the case of a sim-
ple scalar quantum field is far from trivial. First, con-
vincingly assessing the question of a possible instability
(beyond a linear analysis) requires one to actually con-
trol loop corrections of the scalar field in a non de Sitter
geometry, with less symmetries, where calculations are
technically more involved [31–33]. Second, the strong
particle production from the de Sitter gravitational field
actually results in dramatically amplified quantum fluc-
tuations and, in turn, in infrared divergent loop contri-
butions [34, 35]. The latter signal a breakdown of pertur-
bation theory and a proper treatment of quantum contri-
butions thus requires resummation techniques or genuine
nonperturbative approaches [36, 37].
Here, we propose a novel perspective on the problem
of backreaction based on the recent developments of non-
perturbative renormalisation group (NPRG) techniques
in de Sitter spacetime [22, 38–41]. This consists in pro-
gressively integrating out the infrared sector of the theory
and it has been been shown to efficiently capture the non-
perturbative infrared dynamics of quantum scalar fields
in this context. We adapt the method to the semiclassi-
cal problem at hand by including a classical gravitational
field, self-consistently determined through the semiclas-
sical Einstein’s equations at each renormalisation group
(RG) scale. We can, thus, follow the RG flow of the
effective spacetime curvature as infrared, superhorizon
fluctuations are progressively integrated out.
This approach offers various technical advantages.
First, of course, we fully capture the nonperturbative
character of the problem. Second, we can consistently
work in de Sitter spacetime since we follow the RG tra-
jectory of the theory, instead of its time evolution. Third,
we can focus specifically on the role of the infrared modes,
the ultraviolet contributions being absorbed in the initial
conditions of the RG flow. Finally, as we shall see below,
most calculations can be performed analytically thanks
to the simple nature of the RG flow in the far infrared.
We consider the theory of a quantum scalar field ϕˆ
coupled to a classical gravitational field gµν , described
by the generating functional
e−iWκ[J, g] =
∫
DϕˆeiS[ϕˆ,g]+i∆Sκ[ϕˆ,g]−iJ·ϕˆ, (1)
where S is the classical action, J · ϕˆ ≡ ∫
x
J(x)ϕˆ(x), and
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2where the quadratic modification of the action
∆Sκ[ϕ, g] =
1
2
∫
x,y
Rκ(x, y)ϕ(x)ϕ(y) (2)
plays the role of an infrared cutoff, which suppresses fluc-
tuations of wavelength larger than 1/κ (in the sense of the
metric gµν) from the path integral. Here,
∫
x
=
∫
d4x
√−g
is the invariant measure and we define the corresponding
functional trace as TrgF =
∫
x
F(x, x). The regularised
effective action Γκ[ϕ, g], with ϕ ≡ 〈ϕˆ〉, is defined through
the modified Legendre transform Γκ[ϕ, g] + ∆Sκ[ϕ, g] +
Wκ[J, g] = J · ϕ, and interpolates between the micro-
scopic action for κ large compared to any other scale in
the problem, Γκ→∞ = S, and the usual effective action
Γκ→0 = Γ. It satisfies the exact flow equation [42, 43]
∂κΓκ[ϕ, g] =
i
2
Trg
{
∂κRκ[g] · (Γ(2)κ [ϕ, g] +Rκ[g])−1
}
,
(3)
where Γ
(2)
κ (x, y) = [g(x)g(y)]−
1
2 δ2Γκ[ϕ, g]/δϕ(x)δϕ(y).
The physical point in field/metric space is given, at each
RG scale κ, by the extremisation conditions
δΓκ[ϕ, g]
δϕ(x)
∣∣∣∣
ϕκ,gκ
= 0 ,
δΓκ[ϕ, g]
δgµν(x)
∣∣∣∣
ϕκ,gκ
= 0. (4)
The second equation in (4) is nothing but the set of
(regularised) semiclassical Einstein equations, which en-
code the backreaction of the scalar field quantum fluctua-
tions on the classical metric field gµν . Solving the system
(4) for each κ yields the RG flow of the effective met-
ric. One important advantage is that we can consistently
study the RG flow restricted to the hypersurface of maxi-
mally symmetric field/metric configurations. This corre-
sponds to constant field configurations ϕ(x) = ϕ and, for
the case of positive curvature which we consider here, to
the de Sitter geometry gµν(x) = g
H
µν(x), characterised by
the (Hubble) scale H. More specifically, we shall consider
the expanding Poincare´ patch of the de Sitter geometry,
which, in terms of conformal time η ∈ R− and comoving
spatial coordinates, reads gHµν(x) = ηµν/(Hη)
2, with ηµν
the Minkowski metric. Writing the effective action for
constant field as Γκ[ϕ, g
H ] =
∫
x
Vκ(ϕ,H), with Vκ the
(running) effective potential, and assuming a symmet-
ric situation with ϕκ = 0, Eq. (4) reduces to the semi-
classical Friedmann equation ∂H(H
−4Vκ)|Hκ = 0 for the
(running) Hubble parameter Hκ. In the following, we
are interested in the effects of superhorizon fluctuations,
on scales larger than H−1κ0 , for a given initial value Hκ0
at the initial scale κ0. We thus choose κ0 ∼ Hκ0 and
integrate the flow down to κ = 0.
The physics of the massless, minimally coupled scalar
field in de Sitter spacetime is well-known: Fluctuations
on superhorizon scales are dramatically amplified by the
gravitational field, which results in nonperturbative in-
frared effects. In the NPRG framework, this is mani-
fest in the phenomenon of dimensional reduction [38, 39]:
For infrared scales, the RG flow of the effective potential
reduces to that of an effective zero-dimensional theory,
whose solution at κ = 0 is identical to the late time
equilibrium state of the stochastic approach of Ref. [36].
Moreover, it is easy to see from the Friedmann equation
that the infrared flow of the Hubble parameter is domi-
nated by that of the effective potential, whereas deriva-
tive terms in the energy-momentum tensor give no con-
tribution in this regime. These are dominated by ultra-
violet scales [44] and only affect the initial value Hκ0 .
Finally, it has been shown that the exact effective po-
tential in the infrared limit can be obtained from the
lowest order approximation in a derivative expansion of
the regularized effective action, known as the local po-
tential approximation (LPA). This has been discussed in
depth in Refs. [38, 39] to which we refer the reader for de-
tails. In the infrared regime κ Hκ and for field values
where ∂2ϕVκ  H2κ, the (fully functional) flow equation
for the effective potential reads [this implicitly assumes
the de Sitter invariant Chernikov-Tagirov-Bunch-Davies
vacuum state [45, 46] for the quantum field]
κ∂κVκ(ϕ,H) =
H4
Ω
κ2
κ2 + ∂2ϕVκ(ϕ,H)
, (5)
where Ω = 8pi2/3. Eq. (5) is equivalent to the stan-
dard LPA flow equation in the Euclidean space RD (us-
ing an appropriate regulator), with D = 0 [42]. This
effective dimensional reduction originates from the pe-
culiar dynamics of minimally coupled massless fluctua-
tions in a de Sitter geometry, described by ϕˆ = 0. In
standard cosmological coordinates, the rapid spacetime
expansion strongly washes out (comoving) spatial gradi-
ents and damps away temporal evolution on time scales
larger the Hubble rate, leaving the constant zero mode
as the only relevant degree of freedom.
An important consequence is that the functional in-
tegral representation of the infrared effective theory re-
duces to a simple integral over the single fluctuating de-
gree of freedom left [39]. Consider the following generat-
ing function
eV4Wκ(j,H) =
∫
dϕˆ e
−V4
{
Vin(ϕˆ,H)+
κ2ϕˆ2
2 −jϕˆ
}
(6)
where V4 = Ω/H4, and Vin is to be specified below. It
is an easy exercise to check that the modified Legendre
transform Vκ, defined as Vκ(ϕ,H)+κ
2ϕ2/2+Wκ(j,H) =
jϕ, satisfies Eq. (5) and, thus, coincides with the effec-
tive potential of our problem provided one adjusts Vin in
Eq. (6) to match the initial condition at κ = κ0. For
large enough κ0, we have Vin ≈ Vκ0 . In the following, we
choose a massless, minimally coupled field described by
Vin(ϕˆ,H) = α− βH2/2 + λϕˆ4/8, (7)
where the ϕˆ-independent terms reflect the effective
Einstein-Hilbert action M2P
∫
x
(R/2 − Λ)at the scale κ0,
with R = 12H2 the Ricci scalar and Λ the cosmological
constant. One could add a term H4 for completeness but
3the latter does not play any role in what follows. The pa-
rameters α and β are related to the cosmological constant
Λ and the Planck mass MP as α = ΛM
2
P and β = 12M
2
P .
More general cases, with nonzero mass and nonminimal
gravitational coupling can be discussed along the same
lines and are studied in detail in a companion paper [47].
Using the representation (6), one easily shows that the
equation ∂H(H
−4Vκ)|Hκ = 0 is equivalent to〈
H∂H
[
H−4Vin(ϕˆ,H)
]〉
κ
= 2H−4κ2
〈
ϕˆ2
〉
κ
, (8)
where the expectation values are computed with the mea-
sure in (6) evaluated at j = 0 and H = Hκ. Using the
explicit expression (7) this rewrites as the following (reg-
ularised) semiclassical Friedmann equation
H2κ =
4
β
(
α+
κ2
2
〈
ϕˆ2
〉
κ
+
λ
8
〈
ϕˆ4
〉
κ
)
, (9)
to be compared to the classical solution H2cl = 4α/β.
Notice also that this is an implicit equation since the
expectation values on the right-hand side depend on Hκ.
We can further simplify this equation by using the
identity
∫
dϕˆ e−v(ϕˆ)ϕˆv′(ϕˆ) =
∫
dϕˆ e−v(ϕˆ), valid for suit-
able functions v. Applied to Eq. (6), we obtain the rela-
tion
〈
κ2ϕˆ2 + λϕˆ4/2
〉
κ
= H4κ/Ω, which allows us to elim-
inate the quartic term in Eq. (9), and we get
4α− βH2κ +H4κ/Ω + κ2
〈
ϕˆ2
〉
κ
= 0. (10)
Finally, before presenting explicit results, let us recall the
range of validity of our approach. First, the semiclassical
approximation requires that H2κ/M
2
P  1, which implies
α/β2  1. Second, as already mentioned, the flow equa-
tion (5) is valid for κ2, ∂2ϕVκ  H2κ.
The exact flow of Hκ is easily found numerically from
Eqs. (6) and (10). It is instructive, though, to analyse
how the flow develops as κ is decreased from the initial
scale κ0. For sufficiently large κ the regularised theory,
Eqs. (6) and (7), is essentially that of a nearly Gaus-
sian field with mass κ and perturbation theory is appli-
cable. The two-point correlator of the Gaussian theory
is
〈
ϕˆ2
〉
0,κ
= H4κ/(Ωκ
2) and Eq. (10) becomes, at tree
level, 4α − βH2κ0 + 2H4κ0/Ω = 0. The consistency of our
approach selects the solution with H2κ0/β  1:
H2κ0 ≈ H2cl + 2H4cl/βΩ, (11)
where the second term is the first quantum correction to
the classical solution H2cl = 4α/β at the scale κ0. Here,
we have neglected terms of relative order H4cl/(βΩ)
2.
Deviation from the solution (11) come from perturba-
tive corrections to the correlator
〈
ϕˆ2
〉
κ
. Using Feynman
diagrams, one easily checks that the actual expansion
parameter is λeff,κ = (λΩ/H
4
κ)〈ϕˆ2〉20,κ = λH4κ/(Ωκ4),
which is the effective coupling of the regularised zero-
dimensional theory. The growth of the latter as κ de-
creases is, thus, a direct consequence of the gravitational
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FIG. 1. Flow of the spacetime curvature H2κ with parame-
ters α = 0.1, β = 1, and λ = 0.1. Also shown are the one-
and two-loop perturbative results, which correctly describe
the flow at sufficiently large κ. For lower κ, all loop orders
contribute equally and perturbation theory breaks down. The
flow eventually saturates as a nonperturbative mass is dynam-
ically generated. The long-dashed curve shows the approxi-
mate expression (17).
amplification of infrared Gaussian fluctuations. The first
nontrivial (one-loop) correction is〈
ϕˆ2
〉
κ
=
〈
ϕˆ2
〉
0,κ
[
1− 3λeff,κ/2 +O(λ2eff,κ)
]
, (12)
from which we obtain, defining β˜ = βΩ/H2κ0 ,
H2κ/H
2
κ0 = 1− 3λeff,κ/(2β˜) +O(λ2eff,κ, β˜−2). (13)
We see that the one-loop contribution leads to a decay of
the spacetime curvature as superhorizon fluctuations are
progressively integrated out, as shown in Fig. 1.
However, when the one-loop correction becomes signif-
icant, higher orders also become important and, in fact,
the perturbative expansion breaks down, as also illus-
trated in Fig. 1. In this nonperturbative regime, large
infrared fluctuations trigger the dynamical generation of
an effective mass, which screens the growth of quantum
fluctuations on deep superhorizon scales [36, 39]. The
correlator
〈
ϕˆ2
〉
κ=0
is thus finite and can be trivially eval-
uated from Eq. (6) as
〈
ϕˆ2
〉
κ=0
=
Γ(3/4)
Γ(1/4)
√
8H4κ
λΩ
. (14)
It follows from Eq. (10) that H2κ saturates to a finite value
at κ = 0, given by 4α− βH2κ=0 +H4κ=0/Ω = 0, that is,
H2κ=0 ≈ H2cl +H4cl/βΩ. (15)
The relative change in H2κ is thus given by H
2
cl/(βΩ) 1.
The complete flow is obtained by solving Eq. (10) with
the exact expression of the correlator [Kν(x) is the mod-
ified Bessel function of the second kind]〈
ϕˆ2
〉
κ
〈ϕˆ2〉0,κ
= λ−1eff,κ
[
K 3
4
(λ−1eff,κ/4)
K 1
4
(λ−1eff,κ/4)
− 1
]
≡ Cκ(Hκ), (16)
4which implicitly depends on Hκ through λeff,κ. An ap-
proximate explicit solution of Eq. (10) can be obtained
by expanding around H2κ0 in inverse powers of β˜:
H2κ/H
2
κ0 = 1− β˜−1[1− Cκ(Hκ0)] +O(β˜−2), (17)
where function Cκ is defined in Eq. (16). This is shown
in Fig. 1 together with the exact solution and the break-
down of the perturbative expansion.
In conclusion, we have investigated the backreaction of
a light quantum scalar field on a de Sitter geometry by
means of recently developed NPRG techniques. We find
a nontrivial renormalisation of the spacetime curvature
as superhorizon fluctutations are progressively integrated
out. Perturbative loop corrections grow unbounded as a
result of the gravitational amplification of such fluctua-
tions. This signals the breakdown of perturbation the-
ory rather than an instability. Nonperturbative effects
come into play with, in particular, the dynamical gener-
ation of a mass, which screens the growth of superhori-
zon fluctuations and freezes the RG flow of the effective
spacetime curvature. Overall, the infrared renormalisa-
tion of the latter is controlled by the gravitational cou-
pling H2κ0/(βΩ) ≈ Λ/(96pi2M2P ), small by assumption in
the present semiclassical treatment.
We believe the present work brings an interesting
light on the general issue of de Sitter spacetime stability
against quantum fluctuations. It is worth emphasising,
though, that, here, we have discussed the specific case of
superhorizon fluctuations of a quantum scalar field in a
de Sitter invariant quantum state. Various other possi-
ble sources/directions of instability have been discussed
in the literature such as, for instance, the question of sta-
bility of a global de Sitter geometry (as opposed to the
expanding Poincare´ patch studied here) [14, 21], non-
de Sitter-symmetric quantum states for the scalar field
[18, 20, 23, 25, 27], or the role of graviton fluctuations
[6, 26]. It remains to be investigated whether the NPRG
techniques proposed here can be useful in such cases.
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